Abstract. A classical theorem of A. D. Alexandrov characterized round spheres is extended to the complex hyperbolic space CH2 of constant holomorphic sectional curvature. A detailed description of the horospheres and equidistant hypersurfaces in CH2 determining in particular their stability, is also given.
Introduction
A classical theorem due to A. D. Alexandrov [A] proves that the geodesic spheres are the only compact embedded hypersurfaces with constant mean curvature in a simply connected space of constant curvature (with the additional hypothesis of the hypersurface being contained in a hemisphere in the spherical case). Since in a two point homogeneous space the geodesic spheres are homogeneous hypersurfaces and therefore with constant mean curvature, it is natural to ask if Alexandrov's Theorem can be extended to these spaces. We answer here this question affirmatively for the complex hyperbolic space. For simplicity, we work in the 2-dimensional (complex) case. We prove Theorem 3.3. Let M be a compact, embedded hypersurface with constant mean curvature of the complex hyperbolic space CH2 . Then M is a geodesic sphere.
The simplest examples of complete hypersurfaces with constant mean curvature in CH2 are the geodesic spheres, horospheres and equidistant hypersurfaces. J. L. Barbosa, M. P. do Carmo and J. Eschenburg proved that the geodesic spheres are stable (Theorem 1.4 of [BdoCE] ). We determine here the stability of the horospheres and equidistant hypersurfaces of CH2. We recall that a horosphere is defined as the limit of the geodesic spheres which pass through a given point of the space and whose centers tend to infinity along a geodesic of the space.
As it happens in the real hyperbolic space, we prove here that the horospheres in CH2 are all stable. We also give a detailed description of them. We prove Theorem 4.3. The horospheres of the complex hyperbolic space CH2 are hypersurfaces with constant mean curvature equal to 4/3 and are all stable. Furthermore, they are the orbits of the Heisenberg group (a 3-dimensional noncommutative nilpotent Lie group) which acts by isometries on CH2 without fixed points (therefore, the horospheres inherit a natural Lie group structure). In particular, the horospheres are (extrinsically) homogeneous submanifolds of CH2. Any two horospheres of CH2 are congruent.
The equidistant hypersurfaces are defined in the following way: the hyperbolic plane H2 can be isometrically embedded in a unique way (up to congruences) as a totally geodesic submanifold of CH2 (this follows from the characterization of the totally geodesies submanifolds of a symmetric space). Given c > 0, an equidistant hypersurface Pc is defined as the boundary of the tubular neighborhood with radius sinh_1(c) of H2 . In §5 we give a detailed description of such hypersurfaces. In particular, we prove Theorem 5.3. An equidistant hypersurface Pc in CH2 is a homogeneous hypersurface with constant mean curvature (1 + 4c2)/(3cVl +c2). It is stable if c > \f2¡2 and unstable otherwise. Two equidistant hypersurfaces are congruent iff they have the same mean curvature.
We remark that the function (1 + 4c2)/(cVTTc) attains its minimum absolute value at c = v/2/2, that is, P^ ,2 is the equidistant hypersurface whose mean curvature is the smallest one.
In the next section, we obtain some basic facts about the Riemannian Geometry of CH2 necessary for proving the above theorems.
2. Preliminaries 2.1 The "Hopf fibration" of CH2 . On C3 = R6 consider the indefinite scalar product (z, w) := Re(-z0Wo + zxwx + z2w2) where z = (z0, zx, z2) and w = (w0, wx ,w2) axe points in the complex vector space C3. The set Q5:={zeR6|(z,z) = -l} is a 5-dimensional submanifold of C3 and inherits a Lorentzian metric with constant sectional curvature -1. The group Sx = (e'e) of complex numbers with modulus 1 acts freely on Q5 by complex multiplication so that Q5/Sx is a differentiable manifold. The orbits a(6) = e'ez for z £ Q5 of Sx axe timelike since
The Complex Hyperbolic Space CH2 can be defined as the quotient Q5/Sx endowed with the Riemannian metric that makes the projection a semi-Riemannian submersion.
2.2 The sectional curvatures of CH2. Let X, Y be two orthonormal vector fields on CH2 and X, Y be the horizontal lifts of X and Y on Q5, respectively. Denote by K(X, Y) and K(X, Y) the sectional curvatures of CH2 and Q5, respectively. The following formula is a straightforward extension to semi-Riemannian submersions of a result found in O'Neill [Ol] . We have
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use where A is a tensor that reverses the horizontal and vertical subspaces of the projection n. Since the last subspace has real dimension 1 and, for a fixed X, Ax is surjective, it follows that for any number a, 0 < a2 < where V is the Riemannian connection in CH2 . Let e¡ be the horizontal lift of e, and e~o the unitary tangent vector to the fiber of n . It is obvious that e~o, ■.., 03 is an orthonormal frame tangent to M in a neighborhood of p. If V denotes the semi-Riemannian connection of Q5, then Veoeo = 0 by 2.3, and (Ve,e,, N) = (Ve¡ei, Ñ), by O'Neill's formulae for a submersion [Ol] . Then In our case, we will study stability of hypersurfaces of CH2. We remark that there exists an obvious semi-Riemannian version of Proposition 4.3 of [BdoCE] We observe that ||5|| is independent of the orthonormal basis {e,} . This fact is a consequence of the following general result: Lemma 2.5. Let V be an n-dimensional vector space with a nondegenerate symmetric bilinear form (■,■) and let B: V -> V be a linear transformation. Let ß = {e¡}"=x be an orthonormal basis of V and set e¡ := (e¡, e¡). Then the number ¿"=1 e¡(B(e¡), B(e¡)) is independent of ß .
Proof. Consider another orthonormal basis {«/}?= j with ëj := (vj , Vj). Let us define real numbers b¡j by the relations n ei = ^2b'jvj' i=l, ... ,n. In this section we first give a description of the geodesic spheres in CH2, determining its lifting to Q5. This is necessary for proving Theorem 3.3. It is also useful for carrying explicit computations.
Let p > 0. Let Mp be the hypersurface of Q5 of all points (zq, zx, z2) such that |zo|2 = cosh2/? and |zi|2 + |z2|2 = sinh2/?. Mp is isometric to the product Sx x S3 endowed with the indefinite metric -ds2 + ds\ where 5"^ is the 1-dimensional Euclidean sphere with radius c = cosh/? and S3 is the 3-dimensional Euclidean sphere with radius s = sinh p and ds\, ds2 the standard metrics on Sx and S3 .
Clearly, Mp is S'-invariant, so that n(Mp) is a hypersurface of CH2, and we have Proposition 3.1. n(Mp) is a geodesic sphere around the point n(( 1,0,0)) with radius p. Moreover, any geodesic sphere of CH2 is of this type, moduli an isometry of CH2 which carries the center of the geodesic sphere to n(( 1, 0, 0)).
Proof. The subgroup U(l) x If (2) acts transitively on Mp, and therefore in n(Mp). Then, given two any points n(p) and n(q) in n(Mp), there exists (f>£ U(l) x U(2) such that (t>(n(p)) = n(q). Since <¡>(po) = e'ep0 , for some 9, where po = (1, 0, 0), we have 4>(n(po)) = n(p0) and hence
where d is the Riemannian distance in CH2 . Therefore, n(Mp) is contained in the geodesic sphere centered in n(po) and with radius d(n(p), n(p0)). But both n(Mp) and the geodesic sphere are compact, connected 3-manifolds so they have to coincide. Finally, observe that the curve y(t) = (coshí, sinhi, 0) is a geodesic parametrized by arc length in Q5 and orthonormal to the 5'-orbits. Therefore n(y) is a geodesic in CH2 , also parametrized by arc length. Since n(y(0)) = n(po) and it(y(p)) £ n(Mp), it follows that p = d(n(p), n(p0)) is the radius of n(Mp), which concludes the proof of the Proposition 3.1 since the last part of the proposition is obvious. D
In this next paragraph we compute the mean curvature of the geodesic spheres as a function of its radius. These computations will be also used in §5.
From the above characterization one can also see that the geodesic spheres in CH2 are homogeneous hypersurfaces and, therefore, with constant mean curvature. To compute its mean curvature^ it suffices to compute it in a point, say n(p), p = (cosh¿>, sinh/>, 0) of n(Mp). From Lemma 2.4, we have just to compute the mean curvature H of M at p .
For z and w in C3, we consider real coordinates z = (xx, ... , xt), w = (yi,... , ye) with zo = xi + ix2, zx = X3 + /x* and so on. The indefinite scalar product defined in 2.1 has the following expression in these coordinates 6 (z,w) = -x.y. -x2y2 + ^x,y;-. j=i Let us take the standard orthonormal basis {v,}f=1 of R6 with (vx ,vx) = (v2,v2) =s -1 and (v¡, «<) = 1, i = 3, ... , 6. Then p = cvx + sv-¡, c = cosh p, s = sinh p and it is easy to see that {v2, V4, v5, V(,} is an orthonormal basis of Tp(Mp) and that Ñ = -svx -cv-¡ is a unitary normal vector field of Mp. 
Now, since Mp -► R6 is a product immersion, we have a(v2, v2) = -^vx and a(Vi, »<) = -j«3 » i = 4, 5, 6. Then
that is~ l/sinh^ + 3coshM 4 \cosh/j sinh p ) and the mean curvature H of a geodesic sphere of radius p is _ cosh p 1 sinh p sinh p 3 cosh p '
The next result is necessary for Theorem 3.3.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Lemma 3.2. The group generated by the reflections on totally geodesic hypersurfaces of Q5 containing the geodesic circle |z0| = 1, zx = z2 = 0 together with the Sx subgroup act transitively on the hypersurfaces Mp . Furthermore, the normal exponential map exp-1: F(F)-1--► Q5 is a diffeomorphism for any totally geodesic hypersurface T of Q5 containing the circle |zn| = 1. Proof. Let F be a totally geodesic hypersurface of Q5 containing the circle |zo| = 1. We first prove that the exponential map of Q5 gives a diffeomorphism between the normal bundle of T and Q5. This is equivalent to prove that any geodesic of Q5 orthogonal to T has infinite length. We observe, as it is not difficult to prove, that the totally geodesic hypersurfaces of Q5 are the intersections of hyperplanes of R6 parallel at least to one of the axis xx or x2 with Q5 itself. From this, we can prove that any totally geodesic hypersurface of Q5 is a homogeneous submanifold of Q5 and that, if Tx and T2 axe two totally geodesic hypersurfaces containing both axis Xi and x2 then they are congruent.
Therefore, we obtain a proof for the first part of the lemma once we prove it for some particular totally geodesic hypersurface containing the circle mentioned above, and for some particular geodesic orthogonal to this hypersurface. But this is very easy. Choose for instance the totally geodesic hypersurface T = {(xi, ..., X6)|X3 = 0} and as an orthogonal geodesic of Q5 to T the geodesic y given by y(t) = (cosht, 0, sinht, ... , 0). Clearly, y has infinite length, as required.
To conclude the proof of the lemma, we observe that the reflections on totally geodesic hypersurfaces of Q5 are the restriction of the reflections to hyperplanes of R6. Therefore, since the group generated by the reflections of R6 on hyperplanes containing the two axis xx and x2 contain as a subgroup the group Í7(2) combining this group with the Sx action we obtain the group U( 1) x U(2) which acts transitively on Mp , proving the lemma. D Theorem 3.3. Let M be a compact, embedded hypersurface with constant mean curvature of CH2. Then M is a geodesic sphere.
Proof. According to what we have already seen, M = n~x(M) is a compact, embedded, S '-invariant hypersurface of Q5 with constant mean curvature.
We claim that given any totally geodesic hypersurface T of Q5 which contains the axis Xi and x2, there exists a totally geodesic hypersurface V of Q5 which is parallel to T (that is, there exists a geodesic of Q5 orthogonal to both T and V) such that the reflection on V leaves M invariant. Therefore, since M is compact, all such totally geodesic hypersurfaces whose associated reflections leave M invariant must have a common point. Up to congruence, we may assume that this point lies on the circle C: |zn|2 = 1, zi = Z2 = 0. It follows that M is invariant by the reflection on any totally geodesic hypersurface of Q5 containing the axis Xj and x2. Since M is S '-invariant, we conclude from the previous lemma that M coincides with some Mp .
We prove our claim for a totally geodesic T as defined in the lemma above, the proof for another one being similar. Consider the family of totally geodesic hypersurfaces Tt of Q5 given by Fí:={(x1,...,x6)eQ5|x3 = í}-Clearly, this family foliates Q5. Since M is compact, it follows from the previous lemma that there exists / large enough such that MnTt = 0. Therefore we can apply the same method introduced by Alexandrov to conclude that M is invariant by some Tto. Since this holds for any foliation which contains a totally geodesic hypersurface containing the circle C, it follows by compacity that all those hypersurfaces whose reflexion leaves M invariant have a common point which has to belong to C, and this proves the theorem. D
The horospheres of CH2
Let y be a geodesic parametrized by arc length in CH2. Given t £ R, denote by St the geodesic sphere of CH2 with center at y(t) and with radius t.
4.1 Definition. The hypersurface L of CH2 given by the limit of the geodesic spheres St when t goes to infinity is called a horosphere of CH2 .
In the next result we prove, in particular, that the horospheres are actually differentiable hypersurfaces of CH2 ; a useful characterization of them in terms of their lift in Q5 is also given. We observe that, up to congruences, there exists only one horosphere. This follows by observing that since CH2 is a two point homogeneous space, given two points px, p2 of CH2 and given two geodesies yx, y2 through these points, there exists an isometry taking px into p2 and yx into y2. Proposition 4.2. Up to a congruence, a horosphere L of CH2 is the projection, via it, of the hypersurface L of Q5 consisting of all points (z0, zx, z2) £ Q5 satisfying the equation \zq + zx \ = 1. Proof. Let {St} be a family of geodesic spheres converging to L as in the previous definition. Up to a congruence, we may assume that St is centered at n(y(t)) where y(t) = (coshí, 0, sinhi, 0, 0, 0). Therefore St = 7c-x(St) where St is given by St := {(cosh(-t)w0 + sinh(-t)wx, sinh(-i)iUo + cosh(-i)-u;i, w2)\ (wo, wx, w2) £ Q5, \wo\2 = cosh2f, |iüi|2 + \w2\2 = sinh2£}.
To see this, observe that the set Rt of points (w0 ,wx,w2) of Q5 satisfying the equation Replacing this expression for wo in the equation |iüo|2 = cosh21 we get cosh2(i)|z0|2 + sinh2(i)|zi|2 + sinh(i)cosh(/)(z0z"1 + ziz0) = cosh2(i).
Dividing by cosh2(i), taking the limit as t -> oo and observing that .. sinhi hm --= 1 f-oo cosh t we obtain the desired equation. D Theorem 4.3. The horospheres of the complex hyperbolic space CH2 are hypersurfaces with constant mean curvature equal to 4/3 and are all stable. Furthermore, they are the orbits of the Heisenberg group (a 3-dimensional noncommutative nilpotent Lie group) which acts by isometries on CH2 without fixed points (therefore, the horospheres inherit a natural Lie group structure). In particular, the horospheres are (extrinsically) homogeneous submanifolds of CH2. Any two horospheres are congruent. Proof. We have already observed above that two horospheres are congruent. Let us prove that the mean curvature of a horosphere is 4/3. The computations that follow will also be important for determining the stability of the horospheres. We remark that the mean curvature of a geodesic sphere of radius t in CH2 is sinh t/(3 cosh t) + cosh tf sinh t which converges to 4/3 as t goes to infinity. According to Lemmas 4.2 and 2.4, we have just to prove that the mean curvature of the hypersurface L of Q5 given by |zn + zx\ = 1 is 1. We introduce a function /: Q5 -> R by setting /(zn, zx, z2) = |zn + zx\2 .
Since L = f~ ' ( 1 ), the mean curvature H of L is given by (see [02, p. 124 Here, divQ5 and gradgs are the divergence and the gradient in Q5. / can be considered as a function defined in R6. In the real coordinates xi, ... , X(,, it is given by f(xx,... ,x6) = (xx + x3)2 + (x2 + x4)2. Therefore (grad(/))R6 = (-2(xi +x3), -2(x2-r-x4), 2(xi +x3), 2(x2-r-x4), 0, 0) since df(v) = (grad(/), v) implies (grad(/))R6 = Yl-Lx e'dfie')e' if ie')Ux is an orthonormal basis of R6. At a point z in Q5 consider the orthonormal basis {ex, ... , e*, iz) of FZ(Q5). Then {ex, ... , e^, iz, z} is an orthonormal basis of R6, and we have
Therefore, (grad(/))Q5 = 2(-l + fxx, -h + 2fi, I + /x3, h + fx4, fix5, fx6)
where, for simplicity, we denote l(xx, x3) = Xi + x3, h(x2, x4) = x2 + x4, and f(xx, x2, x3, x4) = (xi + x3)2 + (x2 + x4)2 = /2(xi, x3) + h2(x2, x4).
We have that ((grad(/))Q5, (grad(/))Q5) = 4p and in the points of M we have |(grad(/))Q5|2 = 4. Since the norm of B independs on the given orthonormal basis, we can choose an orthonormal basis of TZ(L), for z £ L and add to this basis the vectors z and N to obtain an orthonormal basis of R6 . Therefore, we obtain p||26 = \\B\\2 -(dÑ(z), dÑ(z)) + (dÑ(Ñ), dÑ(Ñ)) = PU2 -1 + 3 so that ||ß||2 = 6+l -3 = 4.
But RiccQ5(/V) = -4 thus RiccQ5(Â0 + ||ß||2 = 0, as desired. Let us describe now the (full) subgroup of isometries of CH2 which leaves invariant a horosphere of CH . As before, we work just in Q5, by taking the lift L of a horosphere of CH2 . Up to a congruence, we may assume that L is given by (*) |z0 + Zi|=l.
We will determine the Killing fields X of Q5 belonging to u(l, 2) such that X(z) £ TZ(L), for any z £ L. These Killing fields will constitute a Lie subalgebra of the Lie algebra «(1,2) of the group U(l, 2) whose associated Lie group is the largest Lie subgroup of U(l, 2) acting in L.
We recall that «(1,2) is given by Taking the point zn = 1, zx = Z2 = 0, which is a point of L in (**), we obtain ïï + u = 0, that is u = ix for some x £ R. Now, any point of the type (z0, zx, 0) of L satisfies the equation znZi = -(zr/zi + 2|zi |2). Replacing z0zi given by this equality in (**), we obtain (2x + ^-a)(|zi|2 + z0Zi) = 0.
Since we can take (z0, zi ,0) in Z with |zi|2 + z0zi ^ 0, we have 2x + ß -a = 0. Then u = (l/2)i(a -ß). Finally, taking the points z0 = -3/2, zx = 1/2, z2 = i and zn = -3/2, Zi = 1/2, Z2 = 1, which are points of L, in (**), we obtain v + w = 0.
Summarizing all these facts, we obtain that the set ZZfl of vectors of «(1,2) whose associated Killing fields are vector fields of L is given by , a, ß, y, r,seR By construction, 31 is a Lie subalgebra of «(1, 2) which, as it is immediate to see, has dimension 5. The Lie subalgebra of the isotropy subgroup of the Lie group R associated to 3Í , corresponding to the point (1,0,0) of M, is constituted by the vectors X in ¿% such that X • ( 1, 0, 0) = 0. This subalgebra is generated, as it is easy to see, by the matrix of ai having a = ß = r = s = 0 and y = 1. Therefore, the orbit of the point (1,0,0) under R has dimension 4. Since both this orbit and L are complete and connected, L with dimension 4, they must coincide.
Observe that the subspace & of ¿ÏÏ given by y = 0 is a Lie subalgebra of ZZft and the associated Lie group, say G, acts transitively on L without fixed points. This induces on L a natural structure of a Lie group.
As we have seen before, L := L/Sx is a horosphere of CH2, and, by the previous construction, R acts on L since it contains Sx as a subgroup. Clearly, this action is transitive. Since Sx is in the center of R, and since the action of Sx on L is trivial, R/Sx is a Lie group which still acts transitively on L. The Lie algebra of R/Sx is naturally identified with the Lie subalgebra of ZZ% such that a + ß + y = 0. As an intersection of two Lie algebras, the subspace Z § of 31 given by y = 0 and a + ß = 0 is a Lie subalgebra of £% and, via the above identification, is a Lie subalgebra of the Lie algebra of R/Sx. The associated Lie group G of 9 is a 3-dimensional Lie group acting transitively on L and without fixed points, inducing therefore a structure of Lie group on the horosphere L. We claim that G is the Heisenberg's group. In fact, straightforward computations show that Z § is noncommutative and that its derivative Lie subalgebra [&, &] coincides with the center of &, that is, & is a nilpotent 3-dimensional noncommutative Lie algebra, that is, it is the Lie algebra of the Heisenberg group. D
Equidistant hypersurfaces
As it is well known, the complex hyperbolic space CH2 is a complex manifold and the image of any complex line of the tangent space of CH2 at any point under the exponential map is a totally geodesic submanifold. We observe that two totally geodesic complex hypersurfaces Tx and T2 of CH2 coincide up to an isometry of CH . In fact: since CH is a homogeneous manifold, we can assume that they have a point of intersection, say p . Moreover, it is known that the isotropy group of the isometry group of CH2 at any point is the group U(2) which acts transitively on the complex lines through the origin of the tangent space at the point. Hence, up to an isometry we may assume that Tx and T2 have the same tangent plane at p . Since they are totally geodesic, they have to coincide.
By definition, an equidistant hypersurface of CH2 is the boundary of a tubular neighborhood around a totally geodesic complex hypersurface of CH2 .
We want to describe now the lift to Q5 of a equidistant hypersurface of CH2. We need one lemma. We will say that a hypersurface F of a Riemannian manifold N is an equidistant hypersurface of a submanifold M of N if F is contained in the boundary of a tubular neighborhood of M in N. We can prove now the following proposition.
Proposition 5.2. Given c > 0, let Pc be the hypersurface of Q5 defined as the set of all points (z0, zx, z2) in Q5 suchthat \z2\2 = c2 (therefore, -|z0|2 + |zi|2 = -(1 + c2)). Then T := n(P0) is a totally geodesic surface of CH2 isometric to the 2-dimensional hyperbolic space, and any Pc := n(Pc) is the boundary of a tubular neighborhood of radius sinh~'(c) of T.
Proof. Straightforward computations show that F is a totally geodesic surface in CH2 isometric to the 2-dimensional hyperbolic space.
We observe that the hypersurfaces Pc, c > 0, are principal orbits and T a singular orbit of the action on CH2 (via it) of the subgroup U(l, 1) x U(l) of C/(l, 2) consisting of the matrices of the form (B 0\   \0 eie) where B £ U(l, 1) and 8 £ [0, 2n] , so that we can apply the previous lemma to conclude that the hypersurfaces Pc axe equidistant hypersurfaces around T.
Finally, observe that the geodesic noy: R -> CH2 where y(t) = (cosh(i), 0, 0,0, sinh(i), 0) is orthogonal to T at t = 0, is parametrized by arc length, and satisfies y(t) £ Fsinh2(i), concluding the proof of the proposition. D Theorem 5.3. An equidistant hypersurface Pc in CH2 is a homogeneous hypersurface with constant mean curvature (1 + 4c2)/3cVl + c2. It is stable if c > \/2/2 and unstable otherwise. Two equidistant hypersurfaces are congruent iff they have the same mean curvature. Proof. It follows from the above that the equidistant hypersurfaces are homogeneous hypersurfaces of CH2 . Let us compute now their mean curvature. It is sufficient to compute the mean curvature of the lift Pc at a particular point p . We choose p = (vTTc2, 0, 0, 0, c, 0). We have
where {V/}f=i is the standard orthonormal basis of R6 with (vx ,vx) = (v2, v2) = -1 and (Vi, Vi) = I, i = 3, 4, 5, 6. The set {v2, v3, v4, ti6} is an orthonormal basis of TP(PC), and it is not difficult to prove that AT := -cvx -VI +c2v¡ is unitary and normal to Pc in Q5.
As in the case of the geodesic spheres (see §3 License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
We study now the stability of the Pc. To do that, we first compute the value of Ricc/V+ ||2?||2 of the hypersurface Pc of Q5.
We have that the Ricci curvature of Q5 (with respect to any direction) is constant with value -4 (see [02, p. 88] ). Since Pc is a homogeneous submanifold of Q5, \\B\\ is constant so that it is enough to compute its value at the point p fixed above.
Using the computations above and the ones of §2.5, we obtain II fill2 3c2 ,l+c2 \\B\\ = ,.. fi(x(a,ß,y,t)):=f(t).
It follows that f\dDa = 0 since f(a) = f(-a) and that I fdPc= c2(l+c2) ( dadßdy f fi(t)cosh(tlA)\sinh(tlA)\dt
Jd" ■ Ja,ß,y=0 J-a = 0 the last integral being zero since fi is an odd function. Now, we will calculate 9"(0)(f). In these coordinates, it is easy to prove that \&adf\2 = f'(t)2.
For simplicity, set G:=c2(l+c2) [ dadßdy = &c2(l+c2)n3 and I:=RiccQS(Ñ) + \\B\\2 = ¿--lc2c2).
We observe that I > 0 since by hypothesis c2 < \ . Then 9"(0)(f)= I (\&ad(f)\2-Ifi2)dPc / (a -t)2cosh(t/A)sinh(t/A)dt.
Ja
We will prove that it is possible to choose a and b such that (2)-(l)> 0, that is, ^"(0)(/)<0.
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